In this paper, using the concept of a w-distance on a metric space, we first prove the existence of a fixed point theorem for generalized w α -contraction multivalued mappings without completeness in metric spaces. Our presented results generalize, extend, and improve the result of Kutbi and Sintunavarat (Abstr. Appl. Anal. 2013Anal. :165434, 2013 and various well-known results on the topic in the literature. Also, we give some examples to which the results of Kutbi and Sintunavarat (Abstr. Appl. Anal. 2013Anal. :165434, 2013) are not applied, but our results are. MSC: 47H10; 54H25
Introduction
In , Kada et al. [] introduced the concept of w-distance on a metric space, which is a real generalization of a metric. By using this concept, they extended and improved Caristi's fixed point theorem, Ekland's variational principle, and Takahashi's existence theorem from the metric version to a w-distance version. Later, Suzuki and Takahashi [] using the concept of w-distance to established the fixed point result for multivalued mapping. This result is an improvement of the famous Nadler fixed point theorem.
In , Kutbi [] improved a useful lemma given in [] for the w-distance version and established the fixed point results via this lemma. Recently, Kutbi and Sintunavarat [] introduced the notion of generalized w α -contraction mapping and proved a fixed point theorem for such a mapping in complete metric spaces via the concept of α-admissible mapping due to Mohammadi et al. [] . On the other hand, Hussain et al. [] introduced the concepts of α-complete metric spaces and also established fixed point results in such spaces.
The purpose of this work is to weaken the condition of completeness of the metric space in the result of Kutbi and Sintunavarat [] by using the concept of α-completeness of the metric space. We also give the example of a nonlinear contraction mapping which is not applied by the results of Kutbi Definition . Let (X, d) be a metric space and T : X →  X be a multivalued mapping.
A point x ∈ X is called a fixed point of T if x ∈ T(x) and the set of fixed points of T is denoted by F(T).
) be a metric space and let T : X → CB(X) be a multivalued mapping. T is said to be a contraction if there exists a constant λ ∈ (, ) such that for each x, y ∈ X,
is called a w-distance on X if it satisfies the following conditions for each x, y, z ∈ X:
For a metric space (X, d), it is easy to see that the metric d is a w-distance on X. But the converse is not true in the general case (see Examples . and .). Therefore, the w-distance is a real generalization of the metric. 
Remark . From Example ., we obtain in general for x, y ∈ X, ω(x, y) = ω(y, x) and neither of the implications ω(x, y) =  ⇔ x = y necessarily holds.
For more details of other examples and properties of the w-distance, one can refer to [, , ]. The following lemmas are useful for the main results in this paper.
Lemma . ([]) Let (X, d) be a metric space and ω
Suppose that {x n } and {y n } are sequences in X and {α n } and {β n } are sequences in [, ∞) converging to . Then the following hold for x, y, z ∈ X:
Next, we give the definition of some type of mapping. Before giving the next definition, we give the following notation. Let (X, d) be a metric space and ω :
) be a metric space and α : X × X → [, ∞) be a given mapping. The multivalued mapping T : X → Cl(X) is said to be a w α -contraction if there exist a w-distance ω : X × X → [, ∞) on X and λ ∈ (, ) such that for any x, y ∈ X and u ∈ T(x) there is v ∈ T(y) with
) be a metric space and α : X × X → [, ∞) be a given mapping. The multivalued mapping T : X → Cl(X) is said to be a generalized w α -contraction if there exist a w  -distance ω on X and λ ∈ (, ) such that for any x, y ∈ X and u ∈ T(x) there is v ∈ T(y) with
Next, we give the concepts of an α-admissible multivalued mapping and α-completeness of metric spaces. 
|x-y| x+y , o t h e r w i s e .
Clearly, (X, d) is not a complete metric space, but (X, d) is an α-complete metric space. Indeed, if {x n } is a Cauchy sequence in X such that α(x n , x n+ ) ≥  for all n ∈ N, then x n ∈ A for all n ∈ N. Now, since (A, d) is a complete metric space, there exists x * ∈ A such that x n → x * as n → ∞.
Main results
In this section, we prove a fixed point theorem for generalized w α -contraction multivalued mappings in α-complete metric space.
Theorem . Let (X, d) be a metric space, α : X × X → [, ∞) and T : X → Cl(X) be a generalized w α -contraction multivalued mapping. Suppose that (X, d) is an α-complete metric space and the following conditions hold: (a) T is an α-admissible mapping;
(b) there exist x  ∈ X and x  ∈ T(x  ) such that α(x  , x  ) ≥ ; (c) if for every y ∈ X with y / ∈ T(y), we have inf ω(x, y) + ω x, T(x) : x ∈ X > .
Then F(T) = ∅.
Proof We start from x  ∈ X and x  ∈ T(x  ) in (b). From the definition of a generalized w α -contraction of T, we can find x  ∈ T(x  ) such that
Since T is an α-admissible mapping and
From (.) and (.), we obtain
Again, using the definition of a generalized w α -contraction of T, there exists
Since α(x  , x  ) ≥  and T is an α-admissible mapping, we get
From (.) and (.), we have
Continuing this process, we can construct the sequence {x n } in X such that x n ∈ T(x n- ),
for all n ∈ N. Now, for each n ∈ N, we have
If max{ω(x n - , x n ), ω(x n , x n + )} = ω(x n , x n + ) for some n ∈ N, then we have ω(x n , x n + ) =  and hence ω(x n - , x n ) = . By the property of the w-distance, we get
We find from Lemma ., ω(x n - , x n ) = , and ω(x n - , x n + ) =  that x n = x n + . This implies that x n ∈ T(x n ) and so x n is a fixed point of T. Next, we assume that max{ω(
By repeating (.), we get
For m, n ∈ N with m > n, we obtain
Since  < λ < , we get
By Lemma ., we find that {x n } is a Cauchy sequence in X. From (.) we know that α(x n , x n+ ) ≥  for all n ∈ N. Using α-completeness of X, we obtain x n → z as n → ∞ for some z ∈ X. Since ω(x n , ·) is lower semicontinuous, we have
Finally, we will assume that z / ∈ T(z). By hypothesis, we get
which is a contradiction. Consequently, z ∈ T(z), that is, z is a fixed point of T as required. This completes the proof. 
Proof We find that the completeness of the metric space (X, d) implies α-completeness. Therefore, by using Theorem ., we obtain the desired result. 
Proof We see that this result can be proven by using a similar method to Theorem .. In order to avoid repetition, the details are omitted.
Let a multivalued mapping T : X → Cl(X) be defined by Otherwise, it is easy to see that the w α -contractive condition holds. Therefore, T is a w α -contraction multivalued mapping. Clearly, (X, d) is not a complete metric space and then the main results of Kutbi and Sintunavarat [] cannot be applied to this case.
Next, we show that our results in this paper can be used for this case. First, we claim that (X, d) is an α-complete metric space. Let {x n } be a Cauchy sequence in X such that α(x n , x n+ ) ≥  for all n ∈ N. So x n ∈ [, ] for all n ∈ N. Now, since ([, ], d) is a complete metric space, there exists x * ∈ A such that x n → x * as n → ∞. Consequently, (X, d) is an α-complete metric space. Also, it is easy to see that T is α-admissible and there exists x  =  such that x  = / ∈ T() and α(x  , x  ) = α(, /) ≥ . Finally, we see that for y ∈ X with y / ∈ T(y), we obtain y ∈ (, ] and hence inf{ω(x, y) + ω(x, T(x)) : x ∈ X} > .
Therefore, all the conditions of Theorem . are satisfied and so T has a fixed point.
